How SINEs AND COSINES OF MULTIPLE
ANGLES CAN BE EXPRESSED BY PRODUCTS *

Leonhard Euler

§1 Given an arbitrary angle ¢, for the sake of brevity, put

cosp++v—1-singp=p

and

cosp —vV—1-singp =g,
it will be

pa=1
then indeed,

p" =cosnp++v—1-sinng

and

q" = cosng —+/—1-sinng,

whence

p"+q" =2cosng
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and

p" —q" =2v—1-sinng.
Therefore, matters reduce to this that the formulas p” + 4" and p" — g" are

resolved into factors.

§2 First let us consider the formula

p"+q" =2cosne,
which, as often as n is an odd number, has the simple factor p +q = 2cos ¢,
such that in these cases cos ¢ is a factor of cos n¢. But for the remaining factors
let us set that a double factor in general is pp — 2pg cos w + qq, such that the
formula p" + 4" vanishes for
pp —2pqcosw +qq = 0;
but then it will be either

p=q(cosw+vV—1-sinw)

or

p=¢q(cosw —vV—1-sinw)

and hence

p" = g"(cos nw =+ sinnw);

and so it will have to be

q"(cosnw £ v —1-sinnw) + 4" =0

or

cosnwxv—1-sinnw+1=0,

whence sinnw = 0 and cos nw = —1, which immediately implies sinnw = 0.



§3 Therefore, since cosnw = —1, the angle nw will be either 7t or 37 or 57t
or 77t etc. And so, if i denotes an arbitrary integer number, it will be nw = i
and hence w = %, for which reason the double factor will in general be

17T
pp — 2pq cos o +q4.
§4 Now, since

pp +qq = 2cos2¢,

because of pg = 1 that factor will be 2 cos2¢ — 2 cos %T, which is resolved into
two factors without any more effort. For, since
B+A . B-A

cos A — cos B = 2sin > sin 5

it will be

2¢ — i—n—Zin i—n—l— in m_
0s2¢ —cos- - =2sin| - +¢]s il 4

and so one factor in general will be
4 sin E + sin E —
om 7 m P
Hence successively writing the numbers 1, 2, 3, 4 etc. for i it will be
. 7T . 7T
2cosng = 4sin (5 + go) sin (ﬂ — (p)
-4 sin 3—” + sin 3—7-[ — -4 sin 5—7( + sin 5—7( — - etc
om ¢ o ¢ om ¢ m ¢ v

until one has n factors in total.

§5 Therefore, let us go through this expression according to each value of
the number n and it will be



if n=1 2cos ¢=2sin(2—¢),

if n=2, 2cos 29 =2sin (5 —g) sin (T +9),

¢ 1o, 2cmtg =i (Fs) s (Er¢) 0 (o).

i on—4, 2cos4(p—24sm(g <p) sin(g—i—q)) sin <3§T—qo> sin <3§T+ )
i n=5, 2c0s5q0:2551n<178—(p)s1n(176+q0)51n<?175—(p) sin<317g+ )

0 %)
. 6 T . 31 . (3m
if n=6, 2cos6(p—251n<12 (p>sm( +(p>sm i — @ | sin ﬁ-l-go ,

sin 12 @ |sin 12 Q.

But in general it will be

cosng = 2" lsin (% - q)) sin (% + go) sin <37t - (p> sin (CZZ + q)> -etc.,

until one has n factors.
§6 Therefore, taking logarithms it will be
~ log 21+ logsin (- — i (T
log cosng = log2" " + log sin (Zn qo) +log sin (211 + (p>
+ log sin S + log sin o + + etc
& m 7 & o 7 7
which equation differentiated yields

ndgsinng _ dgcos (* —¢) dgcos (5 +¢)

cosne sin (£ — @) sin (£ + ¢)




dgcos (3= — o) _dgcos (3 + ¢)

sin (35 — ¢) sin (3% + ¢)

3

+ etc.,

whence the following remarkable equations are deduced

L

II.

I1I.

or

Iv.

or

tang = cot (g
2tan2¢ = cot <g
3tan3¢ = cot (%
3tan3¢ = tan (g
4tandp = cot (g

).
o) ~en(Tro)

~9) —et(G+9)

—f—qo) —tan(%—i—qo)

o) ~en(Zro)

:tan<g+(p) —tan(g—q)),

+ tan 3—7T—
a A @,

+ tan @,

37 37
+tan<8+g0> —tan<4+(p>,

4tan4gp = tan (35? + (p) — tan (35? — (p> + tan (g + q)) — tan (% - go) .

§7 In the same way let us treat the formula

p" —q" =2v—1-sinng,

whose double factor we want to set

pp — 2pqcosw +4qq,

having put which = 0 as before we have

and hence further

p=4g(cosw=£+v—1-sinw)



p? =q"(cosnw £ vV —1-sinnw);
and so it must be
q"(cosnw £ v —1-sinnw) —g" =0
or

cosnwxv—-1-sinnw—1=0,

whence it must be

sinnw =0 and cosnw =1,

for what reason the angle nw will be either 0 or 27 or 47t or 67 or in general
2i7t and hence
2iw

n

while i denotes all numbers 1, 2, 3, 4 etc. Therefore, hence the double factor
will in general be

2i 2i
pp —2pqcos$ +qq = 2cos2¢ — 2cos %,

which is resolved into these factors
i i
2sin| — — ¢ | - 2sin | — ;
sm(n go) sm<n+q)>,
but additionally, the formula p" — g" has the simple factor
p—qg=2v—-1-sing;
as a logical consequence we will have
. . A . [im
sinng = sin ¢ - 2sin (n — q)> - 2sin (n + (p) - etc.

and hence

sinng = sing - 2sin (% — (p) -2sin <% + (p>



. (271
-2sin (n — go)

. 27T
-2sin (n + (p) - etc.,

until in total »n factors result. Therefore, it will be

§8

if

if

if

if

if

if

sinng = 2n-1 sin @ sin <% — (p) sin (% + (p)

. in zj_
S " )

. (27
sin (n + (p> - etc.

Now from the general formula let us deduce the following special forms

n=1,
n=2,
n=3,
n =4,
n=>5,
n ==,

sing = 2%in¢,

sin2¢ = 2sin ¢ sin
sin3¢ = 4sin ¢ sin
sin4p = 8sin ¢sin

sin5¢ = 16sin ¢ sin

/N I/ N /N N /N

@\:1 m\:: *M:l w\:i (ST

sin6¢ = 32sin ¢ sin

),
(p) sin <g + q)) ,
go) sin (g + q)) sin (2: - §0> ,
go) sin (g + (p) sin (257[ - q)> sin <257r + q0> ,
(p) sin (% + qo) sin (267T — g0> sin <267T + go)
3r
sin <6 - go)

§9 Let us, as before, take logarithms here and it will be

logsinng = log2" ™! + logsin ¢ + log sin (% — go) +log sin (% + (p) + etc.,

which equation differentiated and divided by d¢ yields

ncosng _ cosg  cos

—9)

sinng

:\:l :\:1

sing  sin (

- 9)



or

T T 2
ncotng = cot ¢ — cot <ﬁ - q)) + cot (; + (p) —cot <n - (p) + etc.,
until one has n terms.

§10 Therefore, hence we will obtain the following special forms:

if n=1, cotgp =cotg,

),

o) ren(3ea),

—(p) -l-cot(g—kqo) —cot<zf—go>.

§11 If we differentiate the formula found for cotn¢ again, because of

if n=2, 2cot2¢ =cotg —Cot(

if n=23, 3cot3p =cotg —cot(

=] @[3 N[X

if n=4, 4cotdp =cotg —cot(

dcotf = ;&i@’
sin” 6
by dividing by —d¢ we will have
nn 1 1 1 1

+ etc.,

) = +
sin“ng  sin®¢ £

sin? (Z—¢) + sin? (Z+9) + sin? (2” — )

until one has n terms, whence the following cases should be noted:



1 1

lf n = 1, = ’
sin? sin’ @
4 1 1
lf n = 2, = + ,
sin?2¢  sin*¢  sin? (£ —¢)
9 1 1 1
if n= 3, = + + ,
sin?3¢  sin’¢  sin’ (£ —¢)  sin® (£ + ¢)
1 1 1 1 1
if n=4, 6

sintdg s s (Z—g¢) | sin?(Z+g) | sin? (- g)

etc.

EXPANSION OF THE FORMULA p?" — 2p"g" cos 0 + g°"
§12 Let us as before take
p=cosp++v—1-sing
and

gq=cosp—+—1-sing,

such that that formula involves this value

1 1
2cos2n@ —2cost) = 4sin <ngo + 29) sin <29 - nqo) .

Now let pp — 2pg cos w + qq be a double factor of this formula, which must
therefore vanish for

p=g(cosw £ vV—1-sinw),

whence after the substitution it will result

7% (cos 2nw 4 v/—1 - sin2nw) — 2¢*" cos f(cos nw + v/—1 - sinnw) + ¢*" = 0,

this means



cos2nw —2cosBcosnw +1++v—1-sin2nw F2cosbv—1-sinnw = 0,

whence these two equations result

cos2nw —2cosfcosnw+1=0

and

sin2nw — 2 cosfsinnw = 0.

Now since

cos2nw =2cos’nw —1 and sin2nw = 2 sin nw cos nw,

these two equations will be

2cos’nw —2cosfcosnw =0 and 2sinnw cosnw — 2 cosfsinnw = 0
or

cosnw —cosf@ =0 and cosnw —cosf =0,

whence cos nw = cos 6 follows. Therefore, it will be either nw = 6 or nw =
27+ 6 or 47 + 6 or 67T + 0 or in general nw = 2i7t + 6, whence in general

2iTr+ 0
w =
n
such that i denotes the numbers 0, 1, 2, 3, 4 etc.

7

§13 Therefore, the double factor of our formula will in general be

2imr+ 6
pp—i—qq—qucos( )

On the other hand

pp+qq =2cos2¢ and pgq=1,

whence this factor will be

10



2 (COSZq) — Cos <2mn+ 9)) ,

which is reduced to these simple factors

Asin 2it +2ng + 6 sin 2im+0 — ano;
2n 2n
hence writing the numbers 1, 2, 3, 4 etc. instead of i our formulas will be

2 0 0—2 2 2 0 2 0—2
ne + sin n(P-4sin T+2ne + sin T+ ne

dsin 2n 2n 2n 2n
4 2 4 -2 2 -2
-4 sin s n(P+Gsin Al mp-4sin6n+ n¢+esin6n+9 ngo-etc.,
n 2n 2n 2n

which factors must be continued until their number becomes = n.
§14 Therefore, since this product is equal to the formula

4 sin (ngo + ;0) sin (;9 - n(p>

and in our product the numerical factor is 4" = 22", diving by 4 we will have
this equation

i Lo)ain (Lo 2. (2n@+0Y\ . (0—2ng
sin <n¢+29> sin (29 n(p> =2 sm( o sin 5

2 2 0 2 6—2 4 2 0 4 0—2
N <ﬂ+"¢+> sin <7T+"90) sin <7f+"90+> sin (M) etc.,

2n 2n 2n 2n

to simplify which equation, let us put 6 = 2na and it will be

— 2271—2

sinn(a+ ¢)sinn(a — @) sin(a + ¢) sin(a — )

. (T . (Tt . (27 . (2m
-sm<g—|—a—|—go>sm(g+zx—(p>'sm 7—}—04—1—4) sin 7—1—0(—4) -etc.

11



§15 But this expression is not new, but already contained in the preceding,
which was

2 2
sinng = 2" 1sin ¢ sin (% — (p) sin (% + (p) sin (: — <p> sin <:f + go) etc.,
and since

sin(o — ¢) =sin(mr — o0+ ¢),
it will be

sin (% —q)) sin <(”_1)”+q)),
sin (2; —(p> sin <(n_2)ﬁ+q)> ,

sin<3;—qo> :sin<(n_n3)n+qo>;

hence that expression will be reduced to this form

. n—1 _- . 7T . 27
sinng =2 smq)-sm(g%—q))sm T

n 9 S n ?)

where the arcs proceed in an arithmetic progression. But if here instead of ¢
we write & + ¢ first, then & — ¢, hence the following two forms will arise:

sinn(a + @) = 2" sin(a + @) sin (% +a+ (p)
(5 o) (5]
sin| —+a+¢@ |sin| —+a+¢ | -etc,
n n
sinn(a — @) = 2" sin(a — @) sin (% +a— (p)

- sin 2—7T+(x— sin 3—n+0¢— etc
n ¢ n ¢ v

which two equations multiplied by each other yield

12



sinn(a + @) sinn(a — @) = 22" 2sin(a + @) sin(a — ¢)

-sin(%—kuﬂ—q))sin(%—ka—q))

in (27 +a+ in (27 +a
-sin | — sin | — —
n ¢ n ¢
. (31
wsin ( —- +a+ ¢ |etc
§16 Let us now consider the origin of these formulas, since from our formula

p*" — 2p"q" cos 2na + g*"

this one originated

4sinn(a+ ¢)sinn(a — @)

while
p=cosp++v—1-sing
and
g=cosp—+—1-sing,
if we put
f=cos(a+¢)++vV—1-sin(a+ ¢)
and

g=cos(a+¢)—v—1-sin(a+ ¢),
then it will be

f"—g¢"=2v-1-sinn(a+ ¢).

Further, if we put

h=cos(a—¢)+V—1-sin(a — ¢)

13



and

k = cos(a — ¢) —V/—1-sin(a — @),

in like manner, it will be

hn — kn = 2\/?1 Sinn(lX - gp),

whence it will be

(f"=g¢")(hW" — k") = —4sinn(a+ ¢)sinn(a — ¢)

= —p*" +2p"q" cos 2na — g*".

To prove this note that

whence

Therefore, for the sake of brevity, let us set

cosnx ++v—1-sinne = A, cosna—+/—1-sinna = B,
that

f"=Ap", ¢"=Bq", h'=Aq" and k" =Bp"

and hence further

fn_gn:Apn_Bqn

14



and
P - AE]” . Bpn,
which two formulas multiplied by each other yield
(f" = 8") (" —K") = (A*+ B*)p"q" — AB(p™ + q™);

since here

AB=1 and AA -+ BB =2cos2n«,

this product will be
2n n.n 2n
—p~ +2p"q cos2na —q7",

which is the same as we found.

COROLLARY

Therefore, hence we understand that the formula

p*" —2p"q" cos 2na + g*"

is resolved into these factors

(Ap" —Bq") and (Bp" — Aq")

while

A = cosna + /—1-sinna,
B = cosnau — v/—1-sinnx,
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